Abstract. We construct a full exceptional collection of vector bundles in the derived category of coherent sheaves on the Grassmannian of isotropic two-dimensional subspaces in a symplectic vector space of dimension 2n for all n.
Introduction
The derived category of coherent sheaves is the most important algebraic invariant of an algebraic variety. This is a reason to investigate its structure. In general, the structure of a triangulated category (the derived category is triangulated) is quite involved. However, there is an important case when it can be described fairly explicitly.
Definition 1.1 ( [B] ). A collection of objects (E 1 , E 2 , . . . , E n ) of a triangulated category T is exceptional if
RHom(E i , E i ) = k for all i, and RHom(E i , E j ) = 0 for all i > j.
A collection (E 1 , E 2 , . . . , E n ) is full if the minimal triangulated subcategory of T containing E 1 , E 2 , . . . , E n coincides with T .
Triangulated categories possessing a full exceptional collection are the simplest among the others. Every object of such triangulated category T with a full exceptional collection (E 1 , E 2 , . . . , E n ) admits a unique (functorial) filtration with i-th quotient being a direct sum of shifts of E i . So, an exceptional collection can be considered as a kind of basis for triangulated category. However, the condition of existence of a full exceptional collection in a triangulated category is quite restrictive. For example, a necessary (but not sufficient) condition for the derived category of coherent sheaves on a smooth projective variety X to have a full exceptional collection is the vanishing of nondiagonal Hodge numbers, that is h ij (X) = 0 for i = j (an example of a smooth projective variety with vanishing nondiagonal Hodge numbers not admitting a full exceptional collection is provided by Enriques surface).
The first example of a variety with a full exceptional collection is a projective space. It was shown by Beilinson in 1978 ([Bei] ) that the collection of line bundles (O, O(1) , . . . , O(n)) on P n is a full exceptional collection. In 1988 Kapranov constructed ( [Ka] ) full exceptional collections on Grassmannians and flag varieties of groups SL n and on smooth quadrics. It has been conjectured afterwards that It is somehow surprising that only a very little progress in this direction has been achieved. As it was already mentioned Kapranov showed that both 1.2 and 1.3 are true for the group SL n . Also it is easy to see that 1.3 is true for the group SP 2n ( [S2] ) since the corresponding flag variety can be represented as an iterated projectivization of vector bundles, and by [O] the derived category of a projectivization of a vector bundle admits a full exceptional collection consisting of line bundles if the base does.
If one wishes to establish conjecture 1.2, i.e. to construct a full exceptional collection on any homogeneous space, it is natural to consider first the case of Grassmannians, i.e. of the homogeneous varieties G/P , where P is a maximal parabolic subgroup in a semisimple algebraic group G. Presumably, this would suffice to prove conjecture 1.2 in general via the parabolic induction procedure. Now let us briefly describe what is known about derived categories of Grassmannians of classical semisimple algebraic groups.
(SL n ) The Grassmannians of the group SL n are the usual Grassmannians Gr(k, n) of k-dimensional subspaces in an n-dimensional vector space for 1 ≤ k ≤ n − 1. Let U denote the tautological rank k subbundle in the trivial vector bundle O ⊕n Gr(k,n) . Consider the corresponding principal GL k -bundle on Gr(k, n). Given a nonincreasing collection of k integers α = (α 1 ≥ α 2 ≥ · · · ≥ α k ) we consider it as a dominant weight of the group GL k and denote by Σ α U the associated vector bundle on Gr(k, n). In particular, for α = (m, 0, . . . , 0), Σ α U = S m U is the m-th symmetric power, and for α = (1, . . . , 1 m , 0, . . . , 0), Σ α U = Λ m U is the m-th exterior power.
Kapranov has shown [Ka] that
(SP 2n ) The Grassmannians of the group SP 2n are the isotropic Grassmannians of k-dimensional isotropic subspaces in a symplectic 2n-dimensional vector space for 1 ≤ k ≤ n which we denote by SGr(k, 2n). For these Grassmannians exceptional collections are known only in the following cases:
• k = 1: in this case SGr(1, 2n) ∼ = P 2n−1 and we have the Beilinson's exceptional collection; • n = 3: exceptional collections on SGr(2, 6) and SGr(3, 6) were constructed by A.Samokhin [S2, S1] .
The main result of the present paper is a construction of a full exceptional collection on SGr(2, 2n) for all n.
(SO n ) The Grassmannians of the group SO n are the isotropic Grassmannians of k-dimensional isotropic subspaces in an orthogonal n-dimensional vector space for 1 ≤ k < n/2 if n = 2m + 1 is odd, and 1 ≤ k ≤ n/2, k = n/2 − 1, if n = 2m is even which we denote by OGr(k, n) (if n = 2m then actually OGr(m, 2m) has two connected isomorphic components, each of them is a Grassmannian). For these Grassmannians exceptional collections are known only in the case:
• k = 1 and odd n: in this case OGr(1, n) ∼ = Q n−2 is an odd-dimensional quadric and
} is a full exceptional collection [Ka] ; • k = 1 and even n: in this case OGr(1, n) ∼ = Q n−2 is an even-dimensional quadric and
(here S, S ± are the spinor bundles), and also for n ≤ 6, since the group SO 3 up to a finite subgroup coincides with SL 2 , SO 4 up to a finite subgroup coincides with SL 2 × SL 2 , SO 5 up to a finite subgroup coincides with SP 4 , and SO 6 up to a finite subgroup coincides with SL 4 . So, the first example of the orthogonal isotropic Grassmannians where a full exceptional collection is not yet constructed is OGr(2, n), n ≥ 7. I hope to apply the methods of the present paper for this series of Grassmannians in a forthcoming paper.
As we already mentioned above the main result of the present paper is a construction of full exceptional collections on symplectic isotropic Grassmannians SGr(2, 2m). Let us say some words about the method of constructing and proving fullness of these collections. We start with a construction of a special exceptional collection on Gr(2, 2m). This exceptional collection is a Lefschetz exceptional collection, which means that it consists of several blocks, each of them is a subblock of the previous one twisted by O(1) . Lefschetz exceptional collections enjoy some good properties, for example they behave well with respect to the restriction to a hyperplane section. Since SGr(2, 2m) is a hyperplane section of Gr(2, 2m) we obtain in this way a Lefschetz exceptional collection of SGr(2, 2m) and it remains to check that it is full. For this we use the fact that this exceptional collection behaves well with respect to the restriction to any SGr(2, 2m − 2) ⊂ SGr(2, 2m), and use induction in m.
It also worth mentioning that the notion of a Lefschetz exceptional collection (or more generally of a Lefschetz semiorthogonal decomposition) was introduced in [K] as a starting point for Homological Projective Duality. Therefore it is natural to ask what will be the Homologically Projectively Dual for Gr(2, W ) and SGr(2, W ) with respect to these Lefschetz exceptional collections. This question will be a subject of a forthcoming paper, we mention here only the fact that the results of the present paper can be reformulated as the fact that the image of the canonical projection of the Homologically Projectively Dual to Gr(2, W ) variety in P(Λ 2 W * ) is contained in the Pfaffian hypersurface.
The paper is organized as follows. In section 2 we remind the definition and some properties of Lefschetz exceptional collections. In section 3 we construct Lefschetz exceptional collections on Grassmannians Gr(2, n) and give a proof of fullness of these collections demonstrating a method used later in the case of isotropic Grassmannians. Finally, in section 4 we investigate Lefschetz exceptional collections on symplectic isotropic Grassmannians SGr(2, n) and prove their fullness.
Lefschetz exceptional collections
Let X be a smooth projective algebraic variety with an ample line bundle O X (1). We denote by D b (X) the bounded derived category of coherent sheaves on X.
is a nonincreasing sequence of positive integers (the support partition of the Lefschetz collection).
In other words, a collection is Lefschetz with support partition λ = (λ 0 , λ 1 , . . . , λ i−1 ) if it splits into i blocks of length λ 0 , λ 1 , . . . , λ i−1 such that the k-th block consists of the first λ k−1 objects of the first block twisted by O X (k − 1). A Lefschetz decomposition is uniquely determined by its first block (E 1 , E 2 , . . . , E λ 0 ) and support partition λ.
Remark 2.2. There is a natural generalization of this notion to any triangulated category. In this case we must use a fixed autoequivalence instead of the twisting by the line bundle O X (1).
Proof: It suffices to note that Ext
Example 2.4. Now let us give several examples of Lefschetz exceptional collections • Any exceptional collection is Lefschetz with trivial support partition.
• The standard exceptional collection (O P n , O P n (1), . . . , O P n (n)) on P n is Lefschetz with respect to any line bundle
• The Kapranov's exceptional collection on an odd-dimensional quadric
is Lefschetz with respect to O Q n (1) with support partition λ = (2, 1, . . . , 1 n−1
). Here S is the spinor bundle.
• The Kapranov's exceptional collection on an even-dimensional quadric
is Lefschetz with respect to O Q n (1) with support partition λ = (3, 1, . . . , 1 n−1
). Here S + and S − are the spinor bundles on Q n . However, in this case one can choose another Lefschetz collection. Indeed, it is easy to see that the mutation of
is also a full exceptional Lefschetz collection with respect to O Q n (1) but with another support partition λ ′ = (2, 2, 1, . . . , 1
).
It is useful to note that a Lefschetz exceptional collection in D b (X) with respect to O X (1) gives a Lefschetz exceptional collection on any hyperplane section of X.
Since Y is a hyperplane section of X with respect to O X (1) we have a resolution
Tensoring it with E * p ⊗ E q (−k) we obtain a long exact sequence
and 1 ≤ q ≤ λ 1 , and using lemma 2.3 we deduce the rest of the proposition.
Usual Grassmannian
Consider the Grassmannian X = Gr(2, W ) of two-dimensional subspaces in an n-dimensional vector space W . Let U denote the tautological rank 2 subbundle on X = Gr(2, W ). We will distinguish between the even and odd n cases. Let m = n 2 , so that either n = 2m or n = 2m + 1. Consider the Lefschetz collection of vector bundles on X with respect to O X (1) with first block
and with support partition
In the other words, the collection consists of vector bundles S l U * (k) with integers (k, l) from the set
It is interesting to compare this collection with the standard Kapranov's collection. The later also consists of vector bundles S l U * (k) but with other restrictions on possible values of (k, l), namely 0 ≤ k, l and k + l ≤ n − 2. On the following picture we draw the triangles corresponding to Kapranov's exceptional collections together with the regions Υ n .
First of all we must check that the collection is exceptional. This is easily done by the Borel-Bott-Weil theorem.
Proof: By lemma 2.3 it suffices to check that the collection (1) is exceptional and that
for any (k, l) ∈ Υ n , k ≥ 1 and any 0 ≤ p ≤ m − 1. Indeed, the collection (1) is a subcollection of the exceptional collection constructed by Kapranov, hence it is exceptional. Thus it remains to check the above vanishing. For this we note that
The question thus reduces to check that H • (X, Σ p−k,−l−k U * ) = 0. Note that by the Borel-Bott-Weil theorem the cohomology
Let us check that in the cases we are interested in always one of this two vanishing conditions hold. Indeed, assume this is not the case, i.
On the other hand p − k ≥ −k ≥ 1 − n. Thus we have p − k = −1 which is only possible for p = m − 1, k = n − m, l = m − 1 and n = 2m. But then (k, l) = (m, m − 1) ∈ Υ n and we got a contradiction.
It remains to prove the fullness of the collection. We start with some preparations. Besides the set Υ n consider also the set
Lemma 3.3. For any (k, l) ∈Υ n−1 the vector bundle S l U * (k) lies in the triangulated category generated by the Lefschetz collection
Proof: Let n = 2m. ThenΥ n−1 \ Υ n = {(m, m − 1), (m + 1, m − 1), . . . , (2m − 1, m − 1)}. So, we have to check that the vector bundles S m−1 U * (m), S m−1 U * (m + 1), . . . , S m−1 U * (2m − 1) lie in the triangulated category generated by the Lefschetz collection {S l U * (k) | (k, l) ∈ Υ n } on Gr(2, W ). Consider the (dual) tautological exact sequence 0 → U ⊥ → W * ⊗ O X → U * → 0 on X = Gr(2, W ). It induces the following long exact sequence
for any 0 ≤ k ≤ n − 2. Dualizing, using isomorphisms U ⊥ * ∼ = W/U, S l U ∼ = S l U * ⊗ O X (−l) and replacing k by n − 2 − k we obtain exact sequence
On the other hand, we have an isomorphism
Using this isomorphism for gluing the sequence (5) twisted by n − k − 1 with the sequence (6) twisted by n − k − 2 we obtain the following exact sequence
Take k = m − 1. Then the sequence (7) gives a decomposition for S m−1 U * (m) with respect to the Lefschetz collection. Twisting this sequence by O X (1), . . . , O X (m − 1) we obtain also decompositions for S m−1 U * (m + 1), . . . , S m−1 U * (2m − 1). Now let n = 2m + 1. ThenΥ n−1 \ Υ n = {(0, m), (1, m), . . . , (m − 1, m)}. Take k = m − 1. Then the sequence (7) gives a decomposition for S m U * with respect to the Lefschetz collection. Twisting this sequence by O X (1), . . . , O X (m − 1) we obtain also decompositions for S m U * (1), . . . , S m U * (m − 1).
Another preparatory result is the following:
Lemma 3.4. For any 0 = φ ∈ W * = H 0 (Gr(2, W ), U * ) the zero locus of φ on X = Gr(2, W ) is the Grassmannian X φ = Gr(2, Ker φ) ⊂ Gr(2, W ) = X. Moreover, we have the following resolution of the structure sheaf O X φ on X:
where i φ * : X φ → X is the embedding.
Proof: The first part is evident. For the second part we note that any nonzero section φ of U * is regular since dim X φ = 2(n − 1) − 4 = dim X − 2, so the sheaf i φ * O X φ admits a Koszul resolution which takes form (8).
Now we are ready for the proof of the theorem. We use induction in n. The base of induction, n = 3, is clear. Indeed, in this case X = Gr(2, W ) = P 2 and the Lefschetz collection takes form (O X , O X (1), O X (2)) which is well known to be full. Now assume that the fullness of the corresponding Lefschetz collection is already proved for n − 1. Assume also that the Lefschetz collection for n is not full. Then there exists an object F ∈ D b (X), right orthogonal to all bundles in the collection [B] , i.e.
by lemma 3.3. Let us check that i * φ F = 0 for any 0 = φ ∈ W * . For this we take any (k, l) ∈ Υ n−1 and tensor the resolution (8) by S l U(−k) ⊗ F . Taking into account isomorphism
and also (k + 1, l − 1) ∈Υ n−1 if l ≥ 1.
, it follows that the cohomology on X of the first three terms of the above complex vanishes. Therefore we have
Thus i * φ F lies in the right orthogonal to the subcategory of D b (X φ ) generated by the exceptional collection {S l U * (k) | (k, l) ∈ Υ n−1 } which by the induction hypothesis is full. Hence indeed i * φ F = 0. So we conclude by the following Lemma 3.5. If for F ∈ D b (X) we have i * φ F = 0 for any 0 = φ ∈ W * then F = 0. Proof: Assume that F = 0. Let q be the maximal integer such that H q (F ) = 0, take a point x ∈ supp H q (F ) and choose 0 = φ ∈ W * such that x ∈ X φ (this is equivalent to the vanishing of a linear function φ on the 2-dimensional subspace of W corresponding to x ∈ X = Gr(2, W ). Since the functor i * φ is left-exact it easily follows that H q (i * φ F ) = 0, so i * φ F = 0.
Thus we have proved that the desired collection is indeed full.
Symplectic case
Consider the isotropic Grassmannian X = SGr(2, W ) of two-dimensional subspaces in a symplectic vector space W of dimension 2m. Note that SGr(2, W ) is a hyperplane section of the usual Grassmannian Gr(2, W ), the hyperplane coressponds to the symplectic form ω ∈ Λ 2 W * = H 0 (Gr(2, W ), O(1)). Let U denote the restriction of the tautological rank 2 subbundle from Gr(2, W ) to X = SGr(2, W ). Restricting the Lefschetz exceptional collection on Gr(2, W ) constructed in the previous section and using proposition 2.5 we obtain a Lefschetz exceptional collection on SGr(2, W ) with the first block (1) and the support partition
On the following picture we draw the regions Υ 2m and Υ S 2m in the (k, l)-plane. (SGr(2, 2m) ).
As it was already mentioned above the collection is exceptional by proposition 2.5. So, it remains to prove the fullness of the collection. We use the method demonstrated in the previous section. The main difference is that the induction step now changes dim W by 2.
Consider the set
The small circle denotes the bundle S m−1 U * (m − 1) which plays special role as it will be seen later.
Lemma 4.2. For any (k, l) ∈Υ S 2m−2 the vector bundle S l U * (k) lies in the triangulated category generated by the Lefschetz collection
Proof: Note that
So, we have to check that the vector bundles
lie in the triangulated category generated by the Lefschetz collection {S l U * (k) | (k, l) ∈ Υ S n }. Consider the restriction to SGr(2, W ) ⊂ Gr(2, W ) of the exact sequence (7) with k = m. It gives a decomposition of S m U * with respect to the Lefschetz collection. Twisting this sequence by O X (1), . . . , O X (m − 3) we obtain also decompositions for S m U * (1), . . . , S m U * (m − 3). Similarly, taking k = m − 1 we obtain a decomposition of S m−1 U * (m) with respect to the Lefschetz collection. Twisting this sequence by O X (1), . . . , O X (m − 2) we obtain also decompositions for S m−1 U * (m + 1), . . . , S m−1 U * (2m − 2). It remains only to find a decomposition for the vector bundle S m−1 U * (m − 1). This is done in the following proposition.
Proposition 4.3. On SGr(2, W ) there exists a bicomplex
the total complex of which is exact.
Proof: First, consider the above diagram on the ambient usual Grassmannian Gr(2, W ) with rows being the twisted truncations of the exact sequneces (5) and columns being the twisted truncations of the exact sequneces (6) where we identify Λ k W with Λ k W * via the symplectic form ω. Certainly, this diagram is not commutative, but let us check that it commutes modulo ω. More precisely, we will check that the compositions of arrows in the square
which is a typical (twisted) square of the diagram, coincide modulo ω. First of all, we apply the functor Hom(S m−1−k U * , −) to this square and check that the resulted square of Hom-s commutes modulo ω. Indeed, since
the square of Hom-s takes form
where c is the canonical map and ωcω −1 is the canonical map conjugated by ω. Let {e i } be a base of W , and {f i } be the dual base of W * . Then the compositions of arrows in this square act as follows
where α ∈ Λ k W * and ⊢ denotes the convolution of a form and a vector. It remains to note that we have f j ⊢ e i = δ ij and f i ⊗ ω(e i ) = ω, hence indeed the difference of the compositions is given by the map
, and S m−1−k U * (1) are surjective, hence it follows that the squares of the constructed diagram commute modulo ω.
Now we restrict the diagram to the isotropic Grassmannian SGr(2, W ). It follows that the squares now commute (because ω vanishes), so we got a bycomplex. It remains to check that its total complex is exact.
Consider the spectral sequences of this bycomplex. The first term of the first spectral sequence (the cohomology of rows) is concentrated at the left column by (5), which means that the total complex can have nontrivial cohomology only in the first m terms. On the other hand, the first term of the second spectral sequence (the cohomology of columns) is concentrated at the bottom row by (6), which means that the total complex can have nontrivial cohomology only in the last m terms. Combining these two observations we deduce that the total complex can have nontrivial cohomology only in the middle (m-th) term. Finally, considering again the second spectral sequence and using (6) we see that this cohomology is a subsheaf of the sheaf Λ m−1 (W/U) ⊗ O X (m − 1), hence is torsion free. But computing the Euler characteristics of the total complex we see that its rank is zero, hence the cohomology vanishes.
we have the following resolution of the structure sheaf O X φ on X:
where i φ * : X w 1 ,w 2 → X is the embedding.
Proof: The first part is evident (one has only to note that the restriction of ω to the subspace w 1 , w 2 ⊥ in nondegenerate provided ω(w 1 , w 2 ) = 0). For the second part we note that any such section φ = φ w 1 ,w 2 of U * ⊕ U * is regular since dim X w 1 ,w 2 = 2(n − 2) − 5 = dim X − 4, so the sheaf i φ * O Xw 1 ,w 2 admits a Koszul resolution which takes form (12).
Now we are ready for the proof of the theorem. We use induction in m. The base of induction, m = 2, is clear. Indeed, in this case X = SGr(2, W ) = Q 3 and the Lefschetz collection takes form (O X , U * , O X (1), O X (2)) which is well known to be full (actually, this is precisely the Kapranov's exceptional collection for Q 3 ). Now assume that the fullness of the corresponding Lefschetz collection is already proved for m − 1. Assume also that the Lefschetz collection for m is not full. Then there exists an object F ∈ D b (X), right orthogonal to all bundles in the collection [B] , i.e.
= RHom(S
by lemma 4.2. Let us check that i * φ F = 0 for any φ = φ w 1 ,w 2 like in lemma 4.4. For this we take any (k, l) ∈ Υ S 2m−2 and tensor the resolution (12) by S l U(−k) ⊗ F . Taking into account isomorphism (S l U(−k) ⊗ F ) ⊗ i φ * O X φ ∼ = i φ * (i * φ (S l U(−k) ⊗ F )) ∼ = i φ * (S l U(−k) ⊗ i * φ (F )) and noting that for (k, l) ∈ Υ S 2m−2 we have (k + 2, l), (k + 2, l − 1), (k + 1, l + 1), (k + 1, l), (k + 2, l − 2), (k, l + 2), (k, l + 1), (k + 1, l − 1), (k, l) ∈Υ S 2m−2 , it follows that the cohomology on X of the first five terms of the above complex vanishes. Therefore we have
Thus i * φ F lies in the right orthogonal to the subcategory of D b (X φ ) generated by the exceptional collection {S l U * (k) | (k, l) ∈ Υ S 2m−2 } which by the induction hypothesis is full. Hence indeed i * φ F = 0. So we conclude by the following Lemma 4.5. If for F ∈ D b (X) we have i * φ F = 0 for any two-dimensional subspace w 1 , w 2 ⊂ W such that ω(w 1 , w 2 ) = 0 then F = 0.
Proof: Assume that F = 0. Let q be the maximal integer such that H q (F ) = 0, take a point x ∈ supp H q (F ) and choose w 1 , w 2 ⊂ W such that x ∈ X φ (this is equivalent to the orthogonality of w 1 and w 2 with the 2-dimensional subspace of W corresponding to x ∈ X = SGr(2, W )). Since the functor i * φ is left-exact it easily follows that H q (i * φ F ) = 0, so i * φ F = 0. Thus we have proved that the desired collection is indeed full.
